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<HDU&KLOGUHQ·V)RUPVRI-XVWLILFDWLRQ
:DQW\:LGMDMD
Deakin University 
ZZLGMDMD#GHDNLQHGXDX!
(QJDJLQJFKLOGUHQLQMXVWLI\LQJIRUPLQJFRQMHFWXUHVDQGJHQHUDOLVLQJLVFULWLFDOWRGHYHORS
WKHLU PDWKHPDWLFDO UHDVRQLQJ 3UHYLRXV VWXGLHV KDYH UHYHDOHG OLPLWHG RSSRUWXQLWLHV IRU
SULPDU\ VFKRRO FKLOGUHQ WR MXVWLI\ WKHLU WKLQNLQJ IRUP FRQMHFWXUHV DQG JHQHUDOLVH LQ
PDWKHPDWLFV OHVVRQV )RUPV RI MXVWLILFDWLRQ RI <HDU  FKLOGUHQ IURP WKUHH VFKRROV LQ
9LFWRULD $XVWUDOLD ZLOO EH H[DPLQHG (YLGHQFH IURP FKLOGUHQ·V ZULWWHQ H[SODQDWLRQV DQG
WKHLU YHUEDO H[SODQDWLRQV FDSWXUHG LQ YLGHR UHFRUGLQJV UHYHDOHG WKDW VRPH FKLOGUHQ
HPSOR\HG VRSKLVWLFDWHG PDWKHPDWLFDO LGHDV LQ WKHLU MXVWLILFDWLRQV 7KH YDOXH RI PDNLQJ
FKLOGUHQ·V UHDVRQLQJ H[SOLFLW WKURXJK ZULWWHQ H[SODQDWLRQV DQG YHUEDO FRPPXQLFDWLRQV LV
KLJKOLJKWHG
'HYHORSLQJ VWXGHQWV· FDSDFLW\ WR IRUP DQG WHVW FRQMHFWXUHV LV VHHQ DV FHQWUDO LQ
PDWKHPDWLFDO UHDVRQLQJ &DUSHQWHU )UDQNH 	 /HYL  (QJDJLQJ VWXGHQWV LQ WKH
SURFHVVRIWHVWLQJFRQMHFWXUHVDQGMXVWLI\LQJUHDVRQVDUHFULWLFDOLQIRUPLQJJHQHUDOLVDWLRQV
+RZHYHU UHFHQW VWXGLHV LQ DQ $XVWUDOLDQ FRQWH[W KDYH UHYHDOHG WKDW SULPDU\ VFKRRO
FKLOGUHQ ODFNHG H[SHULHQFH WR JHQHUDWH RU WHVW FRQMHFWXUHV MXVWLI\ WKHLU UHDVRQV DQG
JHQHUDOLVHPDWKHPDWLFDOUHODWLRQVKLSV&ODUNH&ODUNH	6XOOLYDQ6WDFH\
6WXGLHV LQYROYLQJ SULPDU\ VFKRRO FKLOGUHQ UHYHDOHG FRPPRQ XVH RI DQDORJLFDO
UHDVRQLQJLQPDWKHPDWLFDOSUREOHPVROYLQJ&DUSHQWHUHWDO(OOLV&DUSHQWHU
)UDQNHDQG/HYLFODVVLI\VWXGHQWV·OHYHOVRIMXVWLILFDWLRQLQWKUHHEURDGFDWHJRULHV
´DSSHDOWRDXWKRULW\MXVWLILFDWLRQE\H[DPSOHDQGJHQHUDOLVDEOHDUJXPHQWVµS7KH\
FRQWHQGWKDWWKHPRVWFRPPRQMXVWLILFDWLRQXVHGE\SULPDU\VFKRROFKLOGUHQLVMXVWLILFDWLRQ
E\ H[DPSOH7KH\ DUJXH WKDWZKLOH ¶\RXQJ FKLOGUHQ· GR QRW FRPPRQO\ XVH JHQHUDOLVDEOH
DUJXPHQWV WKH\ GLVSOD\ PRUH JHQHUDO IRUPV RI DUJXPHQWV ZKLFK FDQ EH FODVVLILHG DV
´UHVWDWLQJ WKH FRQMHFWXUHµ S   ´SURYLGH FRQFUHWH H[DPSOHV WKDW DUH PRUH WKDQ
H[DPSOHVµSDQG´EXLOGLQJRQDOUHDG\MXVWLILHGFRQMHFWXUHVµS)XUWKHUPRUHWKH\
FDOOIRUSURYLGLQJH[SHULHQFHVIRUSULPDU\VFKRROFKLOGUHQWRIRUPDQGWHVWFRQMHFWXUHVDV
WKH H[SHULHQFH ZLOO OD\ ´WKH JURXQGZRUN IRU GHYHORSLQJ LGHDV RI MXVWLILFDWLRQ LQ PRUH
GHSWKVLQODWHU\HDUVµS
7KLV SDSHU SUHVHQWV ILQGLQJV IURP WKH DQDO\VLV RI <HDU  FKLOGUHQ·V UHDVRQLQJ
HPHUJLQJ GXULQJ WKH VHFRQG GHPRQVWUDWLRQ OHVVRQ LQ WKH Mathematical Reasoning 
Professional Learning Research Program >053/53@
7KH6WXG\
7KLVVWXG\LVSDUWRIDODUJHUUHVHDUFKSURMHFW053/53ZKLFKHPSOR\HGGHPRQVWUDWLRQ
OHVVRQV WHDFKHU REVHUYDWLRQ DQG FROODERUDWLYH GLVFXVVLRQ RI WKHVH OHVVRQV IROORZHG E\
WULDOOLQJ LQ WHDFKHUV· RZQ FODVVURRP WR VXSSRUW WHDFKHUV WR GHYHORS XQGHUVWDQGLQJ DQG
HQDFWPHQW RI PDWKHPDWLFDO UHDVRQLQJ 'DWD LQ WKLV SDSHU ZHUH WDNHQ IURP WKUHH FODVVHV
IURPWKUHHVFKRROVLQ9LFWRULD$XVWUDOLD7KHIRFXVRITXDOLWDWLYHDQDO\VLVZDVWRDQDO\VH
FKLOGUHQ·V ZULWWHQ H[SODQDWLRQV WR WKH PDWKHPDWLFDO UHDVRQLQJ WDVNV DQG FKLOGUHQ·V
UHDVRQLQJ DQG MXVWLILFDWLRQV FDSWXUHG RQ YLGHRUHFRUGLQJV RI WKH GHPRQVWUDWLRQ OHVVRQ
6DOLHQWH[DPSOHVWKDWLOOXPLQDWHYDULRXVIRUPVRIMXVWLILFDWLRQHYLGHQWLQERWKZULWWHQDQG

YHUEDOH[SODQDWLRQVZLOOEHDQDO\VHGIRUWKHWKUHHFODVVHVRIMXVWLILFDWLRQV&DUSHQWHUHWDO

The Magic Vs problem  
´7KH 0DJLF 9µ LV DQ RSHQHQGHG SUREOHP KWWSQULFKPDWKVRUJ WKDW RIIHUV
RSSRUWXQLWLHV IRU FKLOGUHQ WR GHYHORS WHVW FRQMHFWXUHV DQG IRUP JHQHUDOLVDWLRQV 7KH
053/53 SURMHFW H[WHQGHG WKH ´0DJLF 9µ SUREOHP E\ GUDZLQJ VWXGHQWV· DWWHQWLRQ WR D
FRQMHFWXUH WR HQFRXUDJH FKLOGUHQ WR IRUPJHQHUDOLVDWLRQV UHODWHG WR WKH SURSHUWLHV RI RGG
DQG HYHQQXPEHUV7KH OHVVRQZDV SODQQHG IRU PLQXWHVZLWK PDLQ FRPSRQHQWV 
FKLOGUHQZRUNLQJLQSDLUVWRILQGDQGUHFRUGGLIIHUHQW0DJLF9V)LJXUHZKROHFODVV
GLVFXVVLRQVWR MXVWLI\´+RZGR\RXNQRZWKLV LVD0DJLF9IRUPDQGWHVWFRQMHFWXUHV
DERXW0DJLF9V LQFOXGLQJ ¶6DP·V FRQMHFWXUH·  UHIOHFW RQH[SODQDWLRQ MXVWLILFDWLRQV ,W
VKRXOGEHQRWHGWKDWWKURXJKRXWWKHOHVVRQVWXGHQWVZHUHHQFRXUDJHGWRQRWLFHVLPLODULWLHV
DQG GLIIHUHQFHV LQ YDULRXV0DJLF9V DQG WR VKDUH WKHLU WKLQNLQJ GXULQJ WKHZKROH FODVV
GLVFXVVLRQ7KLVQRWLFLQJRIVLPLODULWLHVDQGGLIIHUHQFHVRIIHUVRSSRUWXQLWLHVIRUVWXGHQWVWR
IRUPWKHLUFRQMHFWXUHVEHIRUHWKH\DUHDVNHGWRWHVWDJLYHQFRQMHFWXUH
7KLV SDSHU ZLOO IRFXV FKLOGUHQ·V IRUPV RI MXVWLILFDWLRQV HYLGHQW LQ WKHLU ZULWWHQ
UHVSRQVHVWR6DP·VFRQMHFWXUH$IWHUIRUPLQJFRQMHFWXUHVFRQFHUQLQJQXPEHUVLQWKHYHUWH[
WKURXJKZKROHFODVVGLVFXVVLRQRIYDULRXV0DJLF9VVWXGHQWVZHUHDVNHGWRZRUNZLWKD
SDUWQHUWRUHVSRQGWRDFRQMHFWXUH´6DPVDLG 
,WLVLPSRVVLEOHWRPDNHD0DJLF9ZLWKDQ
HYHQQXPEHUDWWKHERWWRPZLWKDVHWRIQXPEHUVIURPWR·,V6DPULJKW"([SODLQZK\
RUZK\QRWµ&KLOGUHQZHUHDVNHGQRWRQO\WRGLVFXVVDQGWHVW6DP·VFRQMHFWXUHZLWKWKHLU
SDUWQHUV EXW DOVR WR UHFRUG WKHLU UHDVRQLQJ RQ D VKHHW 'XULQJ WKH ILQDO ZKROH FODVV
GLVFXVVLRQ FKLOGUHQ ZHUH HQFRXUDJHG WR DUWLFXODWH WKHLU MXVWLILFDWLRQV DQG WR IRUP
JHQHUDOLVDWLRQVEDVHGRQWKHLUUHDVRQVWR¶SURYH·6DP·VFRQMHFWXUH

 
Figure 16DPSOHVRIVWXGHQWV·0DJLF9V
&KLOGUHQ·VIRUPVRIMXVWLILFDWLRQV
Re-stating the conjecture or no justification  
7KLVVWXG\GRHVQRWILQGHYLGHQFHWRLQGLFDWHMXVWLILFDWLRQE\DSSHDOLQJWRWKHDXWKRULW\
RQ WKHLU ZULWWHQ RU YHUEDO H[FKDQJHV GXULQJ ZKROH FODVV GLVFXVVLRQ 6RPH VWXGHQWV
VWUXJJOHG WRSURYLGH MXVWLILFDWLRQV DQGGLGQRW UHFRUGD UHVSRQVHRQ WKHLUZRUNVKHHW7KH
IROORZLQJ UHVSRQVHV GR QRW VKRZHYLGHQFH RI MXVWLILFDWLRQ EHFDXVH VWXGHQWV RQO\ UHVWDWH
WKHJLYHQFRQMHFWXUHRUFRQFOXGHWKDWLWLVLPSRVVLEOH´EHFDXVH\RXFDQ·Wµ
6DPLVULJKWWKDWLVLPSRVVLEOHWRPDNHDQHYHQPDJLF9DWWKHERWWRP>/	,6FKRRO&@
:LGMDMD

,W
VLPSRVVLEOHWRKDYHDQHYHQQXPEHUDWWKHERWWRPEHFDXVH\RXFDQ
W>-	66FKRRO&@
,WLVLPSRVVLEOHEHFDVV>EHFDXVH@\RXFDQQRWSXWDHYHQQXPEHULQWKHPDJLFYLHVLF>/	-6FKRRO
$@
Justification by example 
7KH IROORZLQJ ZULWWHQ H[SODQDWLRQ E\ VWXGHQWV 7 DQG - LOOXVWUDWHV D MXVWLILFDWLRQ E\
H[DPSOHVLQZKLFKVWXGHQWVWHVWHG6DP·VFRQMHFWXUHVE\UHDUUDQJLQJWKHQXPEHUVWRVKRZ
VRPHH[DPSOHVVHH)LJXUHDWKDWVXSSRUWHG6DP·VFRQMHFWXUH
:HWKLQNWKDW6DPLVULJKWEHFDXVHZHWULHGWKHWZRHYHQQXPEHUVDQGQRQHRIWKHPZRUNHGDQGZH
PL[HGWKHQXPEHUVDURXQGDQGRQO\WKHRGGQXPEHUVZRUNHG>7	-6FKRRO'@
6LPLODUO\VWXGHQWV&DQG$VDLG´,WKLQNLWLVLPSRVVLEOHµDQGSURYLGHGH[DPSOHVZLWK
VRPH FDOFXODWLRQV WR VKRZ WKDW WKH VXP RI WKH WZR DUPV ZHUH QRW HTXDO LQ WKHLU
MXVWLILFDWLRQVVHH)LJXUHE7KHVHFKLOGUHQQHHGHGWREHHQFRXUDJHGWRSURJUHVVWRPRUH
JHQHUDOIRUPVRIDUJXPHQWVEH\RQGH[DPSOHV



Figure 2a.>7	-·VH[DPSOHV6FKRRO'@ Figure 2b.>&	$·VH[DPSOHV6FKRRO&@
Figure 2-XVWLILFDWLRQE\H[DPSOHV
Justification with a conjecture 
7KH IROORZLQJ UHVSRQVHV LQGLFDWH MXVWLILFDWLRQ XVLQJ VRPH IRUP RI JHQHUDOLVDEOH
DUJXPHQW
,WLVLPSRVVLEOHEHFDXVHWKHRGGVQHHGWRJRWKHUHWRPDNHDQHYHQQXPEHUEXWLI\RXSXWDRULW
ZLOOQRWEHHYHQRUULJKW,WPLJKWEHFORVHEXWLWLVLPSRVVLEOH>/	-6FKRRO$@
7KHUHLVPRUHRGGWKDQHYHQ,WZRXOGZRUNLI\RXSXWDQRWKHUQXPEHUWR>%	/²6FKRRO'@
,QWKHILUVWH[DPSOH/DQG-VWDWHDFRQMHFWXUHWKDW WKHYHUWH[KDVWREHRGGEDVHGRQ
ZKDW WKH\ QRWLFH LQ WKHLU0DJLF9V+RZHYHU WKH\ GHFLGHG WR WHVW WKH FRQMHFWXUH IXUWKHU
ZLWKPRUHH[DPSOHV'XULQJWKHZKROHFODVVGLVFXVVLRQ-H[SDQGHGRQKHUWKLQNLQJ
«EHFDXVHZHZHUHUHDOO\FORVH«ZHZHUHUHDOO\FORVHLQJHWWLQJWRWKHVDPHQXPEHUEXWLWWXUQHG
RXWWKDWRQHZDVDQGWKDWRQHZDVVRZH
UHNLQGRIOLNHXQVXUHEHFDXVHZHQHYHUNQRZLIWKDW
FRXOGKDSSHQZLWKRWKHUHYHQQXPEHUVQRWMXVWOLNH>-·VYHUEDOH[SODQDWLRQ²6FKRRO$@
Justification by generalisable arguments  
$QDO\VLVRIRXUILQGLQJVVKRZVWKDW<HDUFKLOGUHQDUHDEOHWRSURYLGHMXVWLILFDWLRQ
E\JHQHUDOLVDEOHDUJXPHQWV7KHZULWWHQH[SODQDWLRQE\/DQG%IURP6FKRRO$VXJJHVWV
WKDW WKH\ WHVW 6DP·V FRQMHFWXUH ZLWK ERWK HYHQ QXPEHUV DQG UHIHU WR WKH JHQHUDO
UHODWLRQVKLSVDERXWWKHVXPRIHYHQDQGRGGQXPEHUV
:LGMDMD

,DJUHHZLWK6DPZHKDYHWULHGHYHU\QXPEHU\RXQHHGWZRHYHQQXPEHUVWRPDNHWKHHYHQQXPEHU
DQG\RXQHHGWZRRGGVDQGRQHHYHQWRJHWWKHHYHQQXPEHU>/	%6FKRRO$@
$QRWKHUMXVWLILFDWLRQE\JHQHUDOLVDEOHDUJXPHQWVE\6DQG2FOHDUO\LQGLFDWHWKDWWKH\
VWDUWE\QRWLFLQJWKDWWKHVXPRIWKUHHRGGQXPEHUVLVELJJHUWKDQWKHVXPRIWZR
HYHQQXPEHUV'XULQJSDLUHGZRUN2DQG6WHVWHG6DP·VFRQMHFWXUHE\SODFLQJWKH
DWWKHYHUWH[DQGQRWLFHGWKDW DQG ZKLFKWKH\FDOOHG´DSHUIHFWSDLUµEHFDXVH
´WKH\ HTXDO WKH VDPH DPRXQWµ 6 DQG2 XVH WKLV H[DPSOH DV D FDVH RI JHQHUDOLW\ 7KH\
QRWLFH WKDW  FDQQRW EH DW WKH YHUWH[ EHFDXVH ´LI \RX SXW  LQ WKHQ LWZRXOG EH DQ RGG
QXPEHUDQG\RXFDQ·WGLYLGHLW>WKHWRWDO@LQWRWZRHTXDOJURXSVµ
,WLVLPSRVVLEOHWRPDNHDPDJLF9ZLWKDQHYHQQXPEHUEHFDXVH\RXQHHGDQRGGQXPEHUGRZQWKH
ERWWRPEHFDXVHLWKDVRQHPRUHQXPEHUWKDQWKHHYHQQXPEHURUPRUHDQGLWZRQ
WZRUNXSWKHWRS
WKHRGGQXPEHUZLOOEHPRUHWKDQWKHRWKHUVLGH>$	66FKRRO$@
&RQFOXGLQJUHPDUNV
2XUVWXG\IRXQG WKDW<HDUFKLOGUHQDUHFDSDEOHRI MXVWLI\LQJ IRUPLQJFRQMHFWXUHV
DQG JHQHUDOLVLQJ LQ YDULRXV IRUPV 2XU ILQGLQJV FRQFXU ZLWK &DUSHQWHU HW DO·V 
REVHUYDWLRQWKDWMXVWLILFDWLRQE\H[DPSOHVLVWKHPRVWFRPPRQIRUPRIMXVWLILFDWLRQDPRQJ
SULPDU\VFKRROFKLOGUHQ,WLVHYLGHQWWKDWLQIRUPLQJFRQMHFWXUHVE\JHQHUDOLVHGDUJXPHQWV
VWXGHQWVVWDUWHGE\H[SORULQJH[DPSOHVDQGWKHQWKLQNLQJRIDVSHFLILFH[DPSOHLQDJHQHUDO
ZD\ ,W LV HQFRXUDJLQJ WR ILQG QR HYLGHQFH RI MXVWLILFDWLRQ E\ DSSHDOLQJ WR WKH DXWKRULW\
7KLV UHIOHFWV WKH GHVLJQ RI WKH OHVVRQ LQ ZKLFK VWXGHQWV DUH HQFRXUDJHG WR MXVWLI\ WKHLU
WKLQNLQJ WR WKHLU SHHUV DQG LQYLWHV VWXGHQWV WR H[SDQG HDFK RWKHU·V LGHDV ,Q WKLV OHVVRQ
VWXGHQWV WDNH RZQHUVKLS RI WKH OHVVRQ DV WKH\ DUH DFWLYHO\ LQYROYHG LQ WKH SURFHVV RI
H[SORULQJQRWLFLQJMXVWLI\LQJIRUPLQJDQGWHVWLQJFRQMHFWXUHV7KHWHDFKHUSOD\VDFULWLFDO
UROH LQ FKDOOHQJLQJ VWXGHQWV· WKLQNLQJ E\ SURPSWLQJ WKHP WR H[SODLQ ZK\ DQG UHFRUGLQJ
VWXGHQWV·WKLQNLQJRQWKHERDUGVRVWXGHQWVFDQDWWHQGWRWKHNH\PDWKHPDWLFDOLGHDV7KLV
REVHUYDWLRQUHVRQDWHVZLWK/REDWR+RKHQVHHDQG5KRGHKDPHO·VSRLQWRQWHDFKHUV·
FULWLFDOUROHLQVHWWLQJXSH[SHFWDWLRQVIRUVWXGHQWVWRRIIHUVDWLVIDFWRU\MXVWLILFDWLRQDQGLQ
GLUHFWLQJVWXGHQWV·DWWHQWLRQWRZDUGFHQWUDOPDWKHPDWLFDOLGHDV6LPLODUO\6ZDQQGFDOOV
IRU PDNLQJ UHDVRQLQJ ´WKH REMHFW RI DWWHQWLRQµ LQ WKH PDWKHPDWLFV OHVVRQ DQG WKH
LPSRUWDQFH RIPDNLQJ UHDVRQLQJ ´YLVLEOH DQG DXGLEOHµ WKURXJKZULWWHQ H[SODQDWLRQV DQG
YHUEDOH[SODQDWLRQV
5HIHUHQFHV
&DUSHQWHU 7 3 )UDQNH 0 / 	 /HYL / 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
(OOLV $ % 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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